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ABSTRACT

A parallel discontinuous Galerkin code based on a Taylor series basis for the compressible Euler
equations on unstructured meshes is presented. The parallel numerical method is capable to efficiently
simulate the flow physics of the problems considered, including subsonic and transonic compressible inviscid
fluid flows around two well known benchmark airfoils. The parallel discontinuous Galerkin method is
presented for distributed memory parallel computing architectures, specifically considered cost effective
compute clusters, composed of mass-market-commodity-off-the-shelf (M2COTS) computer hardware compo-
nents interconnected via Ethernet. The parallelization is based on computational domain partitioning,
making use of the well-known graph and mesh partitioning package METIS. Single Program Multiple Data
(SPMD) message passing parallel programming model has been employed, by making use of the de-facto
industry standard Message Passing Interface (MPI) library. Favorable parallelization characteristics of the
discontinuous Galerkin scheme have been exploited for hiding the communications behind the computations.
The parallel performance of the developed code on an Ethernet based cluster, in terms of speedup is demon-

strated.
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INTRODUCTION

Computational Fluid Dynamics (CFD) is appre-
hended as an effective tool for performing numerical
simulations in applied sciences and engineering for
problems related to fluid flow phenomena. CFD serves
in reducing, and some times completely eliminating, a
large number of expensive laboratory or physical ex-
periments while designing and developing a new prod-
uct. Most CFD problems of practical interest involve
one or more partial differential equations governing
some fluid flow phenomena subject to some assumed
or measured boundary conditions, with the physical
geometry being approximated by structured/unstruc-
tured grids. These problems require the use of some
numerical methods for their solution. Often such a
numerical method starts with converting the partial
differential equations of the problem into a discretized
form using a discretization method, usually a Finite
Volume Method (FVM), Finite Element Method (FEM),
Finite Difference Method (FDM) or a Hybrid FEM/
FVM/FDM method like Discontinuous Galerkin (DG)
Method. The discretized form is integrated in time
explicitly or implicitly for obtaining a steady state
solution.

The discontinuous Galerkin (DG) methods are
emerging as a new class of methods in the field of
numerical solution of partial differential equations
representing conservation lawst*®, These methods are
gaining popularity in solving the problems of fluid
dynamicst®, acoustics®?, electromagnetism*, etc.
These methods enjoy the advantage of Finite Element
Methods of high order accuracy and that of Finite
Volume Methods of conserving field variablest*22,
Therefore they have been successfully employed in
the simulation of wave phenomena by solving Ri-
emann problems at element interfaces arising from
discontinuous nature of the solution at the interfaces.
Growing popularity of these methods owes to its at-
tractive features including: 1) These methods have
good conservation, stability, and convergence prop-
erties; 2) Order of approximation may be extended as
desired; 3) They are applicable on arbitrary grids (con-
forming/non-conforming/hybrid), thus having the abil-
ity of dealing with complex rather arbitrarily shaped
geometries; 4) Since the polynomial approximation is
taken independently on each element with minimal
inter-element communication, they can be parallelized
easily; 5) adaptive strategies using hp-refinement (i.e.,
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refining the grid by decreasing element sizes, h-refine-
ment, and increasing order of approximating polyno-
mials, p-refinement) can easily be integrated into these
methods because of the removal of continuity restric-
tion at element interfaces. In spite of all these fea-
tures and the fact that there have been considerable
developments in theoretical and humerical analysis of
these methods, there are certain limitations in these
methods that need to be addressed to make them a
competent choice for fluid flow problems of practical
and industrial interest. These limitations include effi-
cient discretization of diffusion terms, effective con-
trol of blow up because of strong discontinuities, and
development of efficient and accurate time integra-
tors. Another main hurdle in adopting these methods
for practical engineering applications is the lack of
efficient solvers because of its high CPU and memory
requirementst®.

Recently, a new DG formulation based on a
Taylor series basis has been demonstrated to suc-
cessfully approximate the solution of compressible
inviscid fluid flow equations on arbitrary grids®.
Unlike the traditional DG methods, where either stan-
dard Lagrange finite element or hierarchical node-based
basis functions are used to represent numerical poly-
nomial solutions in each element, this DG method
represents the numerical polynomial solutions
using a Taylor series expansion at the centroid of
the cell. This way, the new formulation has several
distinct, desirable, and attractive features in-
cluding:

1) It hasthe ability to be implemented on arbitrary
grids because of same polynomial solution for
any shape of elements.

2 Init the hierarchic nature of the basis function
makes it easy to implement p-refinement and p-
multigrid strategies.

3 In it the availability of cell-averaged variables
and their derivates facilitates implementation of
very efficient limiters for eliminating the oscilla-
tions in the solution around the discontinuities.

4)  In it the decoupling of cell-averaged variable
equations from their derivates facilitates
development of fast low storage implicit
schemes.

These features can help in overcoming some of
the disadvantages of the DG method.
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Along with devel oping efficient numerical algo-
rithms for a CFD application, an important need is to
implement the complete application in some high per-
formance computing (HPC) environment. In fact, a
key factor for enormous growth in CFD applicability
has been the rapid developments in HPC capabilities
during the past two decades. The most commonly
used and recognized form of obtaining a HPC based
solution is to perform parallelization of the applica-
tion, so that a number of processing elements (or
simply processors) work together on different parts of
the problem or domain to reduce the overall time re-
quired to solve the problem. From hardware perspec-
tive, HPC may be realized on a variety of distributed
memory architectures, shared memory architectures,
and hybrid architectures. From software perspective,
HPC rely on utilizing efficient compilers, fast
mathematical kernels and sophisticated paralleli-
zation libraries for an underlying architecture.
Further, tuning the application with reference to an
underlying architecture may also result in very fast
solutions.

In this work an efficient parallel CFD solver is
presented in which the discontinuous Galerkin method
based on a Taylor basis® is used as the discretization
method for the Euler equations governing compress-
ible fluid flow phenomena. The explicit time integra-
tion solution is obtained using a Range-Kutta (RK)
method for up to third order of approximation (P2
approximation). For parallelization of the discontinu-
ous Galerkin method, domain decomposition approach
with SPMD (Single Program Multiple Data) message-
passing programming model is employed. For this,
Message Passing Interface (MPI) library is used. MPI
has emerged as a de-facto standard for portable and
scalable parallel programming for distributed memory
parallel architectures. Several free and commercial MPI
implementations are available. These implementations
include both general and system/vendor specific. PC
Clusters, sometimes referred to as Beowulf clusters,
offer a very cost effective solution for distributed
memory, high performance parallel computing. They
are established using commodity off-the-shelf (COTS)
hardware components and interconnected via Ethernet
switch?*?2, In this paper, the accuracy and perfor-
mance of the developed MPI based parallel solution
have been demonstrated on such a cluster. For very
fast inter-processor communication a specialized net-
work technology, like Infiniband or Myrinet, may also
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be deploved. The rest of this paper is structured as
follows: The governing equations are described in
Section I1. The numerical method involving DG method
based on a Taylor basis" is described in Section I11,
Parallelization of the method is described in Section
IV. Numerical results are presented in Section V. The
conclusions are given in Section V1.

GOVERNING EQUATIONS

The unsteady compressible flow of inviscid fluid
is governed by a system of partial differential equa-
tions known as Euler equations. For a two dimen-
sional space, the conservation form of this system in
veclor notation is given by,

dU(x,1) i dF, (U (x.1)) " dFy(U(x,t))
ot E}xl
Vx = (x,,x,) € Q,f € (0,4

=0,

dx,

Here £} is a bounded connected domain in the two
dimensional real space, R*= {(x x )lx x, e(-2,+=)}. The
conservative variable vector U, and the flux vectors F,
and F, are given by,

P Py, pu,
1 = P, B p,l +p F= ;_'::u]uz
pu, puyit | opatp
c pe u(pet p) u,(pe+ p)

Here p, ¢ and p denote the density, specific total
energy and pressure of the fluid, respectively,
u, and w, are the velocity components of the flow
in the coordinate directions. In order to obtain

closed form of the system, the equation of state,

L . o "
=({y-1)ple— E'[”.' +u.)). is added into the system.

Here yis the ratio of the specific heats, This equation
of state is valid for perfect gas.

THE NUMERICAL METHOD
Discontinuous Galerkin Formulation

The discontinuous spatial discretization of the
Euler equations based on a Taylor series basis is the
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same as defined in"”. To formulate the DG method
used, first the weak formulation is obtained. From this
point onward summation notation is used to express
the equations, For obtaining the weak formulation the
governing equation is multiplied by a test function
W, integrated over the domain £, and then
integration by parts is performed. This vields the
following:

o —d =0, VWelV
x

i}

j’ wmj Fndl - j;:

where T'(=002) is the boundary of the domain €2, and
" the unit outward normal vector to the boundary.
The domain £2 is subdivided into a collection of non-
overlapping elements €1 . These elements or cells can
be triangles, quadrilaterals, polygons, or their combi-
nations for two dimensional domains. The space of
test functions is taken to be the one consisting of
discontinuous m-component vector-valued polynomi-
als of degree p, ie,

V) ={v, e[L@Q)" v, |0 e /7 IV, €}

"his can also be expressed as
Lt S 1 a . :
V, = span l_[xJ 0s, S p0<j<2
J=1

where o denotes a multi-index. Application of
the above weak formulation on each element £2
vields the following eguivalent problem in semi-
discrete form:

Find U e V"F such that

d :+ U,
Z Zewd+ [ F U mwdr-
dt ;[, a ,'[ Enn

W,
jF{U}a LdQ =0, YW, eV
Lk _l'

Here U, and W, are piecewise polynomial approxima-
tions to the analytical solution U and the test func-
tion W, respectively, from the space (F)), defined
above. These approximations are discontinuous across
the element interfaces. Assume that B, denotes the
ith basis of the polynomial space, V) of dimension
N (say), then solving the above problem is equi-
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valent to solving the following system of N equa-
tions:

L3 U.BdQ+ | F (U, )nBdl -
u’rj -[ ! !

Lhe e

J’ F(L,, fdn_nﬁ ISi<N.

.'

The basis functions B are constructed by Taylor
series expansion of the solution U, at the centroid of
an element. A quadratic approximation of U, for ex-
ample, can be expressed as:

2
u,=U, +£I (x—x, )—I (y-»)+ a]—”
x=x) @'l ;
) Y Omn), U o Xy,

2 At > a vy’

Integrating the above equation over the element and
then subtracting the resulting equation from the above
equation, the following cell-averaged representation
of U, is obtained:

bn—t’+a—| (x—x.)+ al—’E’| (v—yp.)+
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Here 7 is the cell-averaged value of U. The unknown
coefficients in the above representation are the
cell-averaged conserved variables and their all
first and second order partial derivatives at the
cell-centroid. Therefore this representation of U,
is independent of element shapes, because the
values are cell-averaged at the cell-centroid (instead
of the values at the elemental nodes which are
different for triangles and rectangles), as shown in
Figure 1. The basis functions are the following six
polynomials:
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Figure 1: Representation of polynomial solutions
using a Taylor series expansion at the cell
centroid, hence, it is independent of the
shape of element.

B, =1
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Use of these basis functions in the DG formulation
yields the following differential algebraic system of
equations:

L) [+ [ Fwndr=0, i=I
d" 1i Ie

. T
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B a}' Syt ;

Here M, = [ BB,dQ.2<i,j<6.and R =

jﬁfu,,}nﬁ,dr-jﬁ;(uh)gﬁdﬂ 0, 2<i<6.
I'e
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Note that the basis functions have been constructed
in such a way that

[ BBdQ=0,2< <6

ik

which results into decoupling of unknown 7 from all
the unknown partial derivatives. For implementing the
above computational procedure, normalization of the
basis functions is carried out that improves the con-
ditioning of the system matrix. The normalized basis
functions are,

B =1
= [x—x)
B, =
) ox
s _(-3)
B = L
3 6}’
= _[(x-x) ) 1 (x—x.)

B, = dQ
26x* Sl‘ o 28%
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20y° Q, o 20y°
e (x=xXy—» (_1.' x]{v Y )
B, = G-xXy=y) €.
\ dxdy I Sxdy
Here §x = 0.5 (x_ -x_ ), and 8y = 0.5 {y__ -y, ), where

x andy ,x ., and y_denote the maximum and
max max men mn

minimum coordinates in the cell W_in x-direction and
y-direction, respectively. Thus quadratic approxima-

tion of U, becomes,

U, E+aa—i 5xB, + E;E; {5I1§3+§T{;
. U . AU
|t EIBJ +E[l éIBi +-axa—1

These normalized basis functions produce en-
tries of mass matrix M with magnitude not greater
than 1. This helps in removing the stiffness of the
system matrix for higher order DG approximations',

This DG method is capable of accurately and
efficiently computing numerical solution of the com-
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pressible inviscid flow equations on arbitrary grids",
In order to impose the solid wall boundary conditions
on curved boundaries, an accurate representation of
the boundary normals is required. A linear approxima-
tion of curved edges on the solid wall boundary leads
to numerical instability and loss in the order of accu-
racy of DG methods. For removing these drawbacks
the approach given in' is followed. In this approach,
although the curved edges at the physical boundary
are approximated by straight edges, the normals to
these edges at the quadrature points are computed
accurately using true geometry of the boundary. Fur-
ther details about its implementation can be found
in"®. In this work, HLLC (Harten- Lax and Van Leer-
Contact) approximate Riemann solver® is used to
approximate the Riemann flux function. HLLC based
solvers have been effectively used to compute com-
pressible viscous and turbulent flows on both struc-
tured and unstructured grids****, HLLC Riemann salver
is easier to implement, and the computational cost
is lower than that of other available Riemann
solvers¥-,

In this work, Gauss quadrature formulas have
been used to evaluate the domain and boundary in-
tegrals. The number of quadrature points used is
chosen to integrate exactly polynomials of order of 2p
on the reference element. In the case of triangular
elements, the domain integrals are evaluated using
three points for linear, six points for quadratic, and
twelve points for cubic shape functions. In the case
of rectangular elements, the domain integrals are evalu-
ated using four points for linear, nine points for qua-
dratic, and sixteen points for cubic shape functions,
The boundary integrals are evaluated using two points
for linear, three points for quadratic, and four points
for cubic shape functions in 2D. By assembling to-
gether all the elemental contributions, a system of
ordinary differential equations governing the evolu-
tion in time of the discrete solution is obtained, which
can be written as

e = R(L)).
et

Here M represents the mass matrix, U represents the
global vector of the degrees of freedom, and R{U)
represents the right hand side residual vector. Since
the shape functions B, are nonzero within element W,
only, the mass matrix M has a block diagonal strue-
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ture that couples the N degrees of freedom of each
component of the unknown vector only within W_. As
a result, the inverse of the mass matrix M can be
easily computed by hand considering one element at
atimein advance. It is stable for any mesh to perform
the inversion of the mass matrix®2,

Explicit Time Integration

The semi-discrete system can be integrated in
time using explicit methods. In this work, the follow-
ing explicit three stage third-order TVD Runge—Kutta
method? is used to march the solution in time:

u® u" t™M 'RU"

u@ 3yn 1yo
4 4

Iur 2y® v RU®) .
3 3

tM 'RU®)
U (n1)

This scheme is stable (linearly) for a Courant number
less than or equal to 1/(2p+1).

PARALLELIZATION

As the discontinuous Galerkin method is highly
parallelizable, the main enabling mechanism for its
suitability for implementation on parallel computersis
the local nature of DG discretization, allowing for the
formulation of very compact numerical schemes. This
is due to the fact that the solution representation in
an element is purposefully kept independent of the
solutions in other elements, so that the inter-element
communication is needed to be carried out only with
adjacent elements (those sharing a common face). Thus
for parallel implementation of the discontinuous
Galerkin method the computational domain is parti-
tioned among the available processors and only the
information at the partition boundary faces, i.e., faces
having its left and right elements on different proces-
sors, is needed to be exchanged between the corre-
sponding neighboring processors. For such parallel
solutions distributed memory architectures with mes-
sage passing programming paradigm are natural to
consider. That’s why it is quite common that the
numerical simulations in CFD are accomplished on
clusters of PC components because of their cost ef-
fectiveness and easy availability as the distributed
memory architectures with message passing program-
ming paradigm. The clusters compliment rather than
compete with the more sophisticated parallel comput-
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ing architectures. Emergence of multi-core CPUs of-
fers another parallel computing platform, even within
a PC or laptop. Today dual-core, quad-core and six-
core CPUs are commonly available and they may ef-
ficiently run up to two, four and six processes respec-
tively, of a parallel program. Therefore the multi socket
PCs can run up to 24 processes, although the amount
of performance (speedup) gained by the use of a
multi-core CPU is strongly dependent on the algo-
rithm and implementation. For CFD applications the
memory bandwidth is turned out to be the perfor-
mance determining factor?, setting an upper bound
on speedup, especially on many-core systems.

In general, performance of a parallel programin
a distributed memory environment with a given data
size depends on many factors including,

. CPUs, their number and speed

. memory capacity and bandwidth, caching ef-
fects

. communication network (its data transfer rate
and latency)

. communication to computation ratio.

Performance of a parallel program may be mea-
sured by computing certain performance metrics, for
example, execution time, relative speedup, and rela-
tive efficiency. In this work, the ‘relative speedup’
and ‘relative efficiency’ are simply called as ‘ speedup’
and ‘efficiency’ respectively. Execution time is the
elapsed wall clock time from the start of execution of
first process of a parallel program to the end of execu-
tion of its last process. It includes both computation
and communication time. Relative speedup, S of a
parallel program is the ratio of elapsed time, t,, taken
by one processor to solve the problem to the elapsed
time, t o taken by p processors to solve the problem,
i.e., Sp = tlltp. The relative efficiency, E is defined as
E= Sp/p. Generally, in practice, speedup remains less
than p and efficiency lies between 0 and 1. In an ideal
case, t = t./p so that S=p and E = 1. Sometimes in
practice Sp > p is observed, which is called as super-
linear speedup. It is mainly due to the cache effi-
ciency with smaller data sizes on the p processors as
compare to serial single processor case. An important
feature of a parallel program is its scalability.
Scalability of a parallel program is a measure of its
ability that its efficiency is maintained at a certain
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level if both the parallel processing resources and
problem size are increased in proportion to each
other?, Scalability with respect to speedup, for the
test cases is presented in the next section. The
scalability analysis performed indicates that how the
performance metric, speedup, of the parallel code
varies with the increase in number of processors for
afixed problem size.

Domain Decomposition

For a good scalability of a domain decomposi-
tion based parallel SPMD solution, a well load-bal-
anced and communication-efficient partitioning is
quite necessary?. Poor load balances often result in
idle time at the synchronization points, and a commu-
nication-inefficient partitioning results in larger data
sizes to be communicated among the processes; hence
increasing the communication burden. Although the
two objectives are not perfectly compatible, a suffi-
ciently well load-balanced and communi cation-efficient
domain partitioning could be obtained by METIS®
software package. For this purpose its standalone
program partdmesh has been used to partition the
unstructured mesh in the preprocessing step.
partdmesh performs the partitioning with an objective
of minimizing the total communication volume (i.e., to
minimize the interface degrees of freedom). This pro-
gram first converts the unstructured mesh into a dual
graph, in which the vertices represent the grid ele-
ments. Then the dual graph is partitioned, by the k-
metis program in METIS, into k parts of approximately
the same size using the multilevel k-way partitioning
algorithm®,

The Parallel Algorithm

Most computational work of the discontinuous
Galerkin scheme, like any explicit scheme for CFD, is
performed within the subroutine that computes the
residual R in the right hand side (including the nu-
merical fluxes). The parallel performance of such a
scheme is bounded either by memory bandwidth or
by the number of basic operations that can be per-
formed in a single clock cycle®.

The parallel implementation is obtained without
compromising the serial algorithm. Moreover the MPI
communications may be overlapped with the compu-
tations hence significantly reduce the overhead in-
curred due to parallelization. This is commonly
achieved by initiating non-blocking sending and re-
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ceiving operations so that the computations remain
continue meanwhile the communication is completed.
Such a scenario is usually referred to as hiding com-
munication behind computation. This is easier to
achieve in explicit time marching schemes®. Following
is the algorithm used to compute the right hand side
(RHS) residual (including flux computations) on each
processor having a subdomain after domain partition-
ing. The word “local” refers to what is owned by
‘this' processor with respect to its subdomain:

INITIATE Non-blocking Communication to RECEIVE
data from neighboring processors

INITIATE Non-blocking Communication to SEND
data to neighboring processors

START LOOP 1 (over the local faces lying on the
grid Boundary)

Compute RHS from Boundary face contributions, us-
ing local data

END LOOP 1
START LOOP 2 (over the local elements)

Compute RHS from domain contributions, using lo-
cal data

END LOOP 2
START LOOP 3 (over the local internal faces)
I F (both left and right elements are local) THEN

Compute RHS from Internal face contributions using
local data

ENDIF
END LOOP 3

WAIT for the completion of non blocking communi-
cations initiated above

START LOOP 4 (over the local faces having one
side element non-local)

Compute RHS from Internal face contributions using
local data and the received data

END LOOP 4

Depending upon the sophistication of MPI
implementation used, the communication may already
be completed before reaching the WAIT point, for the
problems with sufficiently large data sizes, i.e., those
with higher computation-to-communication ratio, at
each processor. In the explicit scheme the above al-
gorithm is called in every stage of the RK method.
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NUMERICAL RESULTS

The numerical results, in this work, are com-
puted on a Linux cluster having hundreds of nodes
interconnected via gigabit Ethernet (1000 baseT). The
cluster had a heterogeneous architecture with a mix of
nodes, each having 2 dualcore or quadcore CPUs of
varying speeds and/or memory subsystem character-
istics. It is worth to mention that the cluster is shared
among hundreds of users at the same time so even if
some nodes runs processes of only a specific job
request, the network bandwidth cannot be guaranteed
to be dedicated solely for that job. That's why quite
varying execution timings may be observed with the
same problem size on different occasions. For obtain-
ing some justified parallel performance measures of
the code on such a heterogeneous and shared clus-
ter, special care has been taken to compute the result
on nodes with similar architecture and CPUs for a
particular test case with specific problem size. For
example for a problem A with data size K, all the
results from 1 to 16 processors are obtained on the
similar nodes, preferably within a single blade server
chassis. The performance measurements of the paral-
lel code with the test cases selected have mostly been
performed on 4-nodes such that each node has two
Xeon 5520 quadcore processors (i.e., 8 cores on a
node). The software setup used includes 64-bit com-
pilers and MPICH implementation of MPI library. All
the floating point operations are performed in double
precision. Moreover one-to-one mapping of MPI pro-
cesses and physical CPU cores is assumed as the job
scheduling software on cluster assumes so. Thus the
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words ‘process’, ‘processor’ and ‘CPU core’ are used
to refer to the same entity.

It has already been verified that a formal
order of convergence rate of the DG method based
on a Taylor basis can be achieved for the following
test cases on hybrid gridst®. Further the superior
accuracy of second order DG method using a
Taylor basis, over the second order finite volume
method has already been demonstrated'®. Note that
for all the following problems the slip boundary
conditions are used for solid walls and the character-
istic boundary conditions are imposed on the far-
field boundaries. The detailed implementations of
the boundary conditions can be found in the
Reference's.

Subsonic flow past a circular cylinder

This well-known test case involves the solution
of inviscid subsonic flow past a circular cylinder at a
Mach number of 0.38. The numerical solutions of this
problem are computed using the parallel DG(PO),
DG(P1), and DG(P2) methods (i.e., the discontinuous
Galerkin methods of first, second and third order of
accuracy, respectively) on a triangular element mesh
consisting of 8192 elements, 4224 grid points, and 256
boundary points. A sketch of the complete physical
domain showing its size (in units of length), along
with the triangular mesh is given in Figure 2. Parti-
tioning of this mesh using METIS for 16 processesis
depicted in Figure 3. The resulting contour plots for
the three approximation orders are compared for the
respective serial and parallel codes in Figure 4(a-c)

.11.
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Figure 2: Subsonic flow past a circular cylinder problem; Triangular mesh used to obtain the solution (central
region focused in the right one). The governing equations are dimensionless; there could be any unit
of measurement. Here the computational domain extends to 40 times the chord length of the cylinder.
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Figure 3: Subsonic flow past a circular cylinder problem; Triangular mesh partitioned for 16 processes (central

region focused in the right one).

and Figure 5. The results computed, using the parallel
DG code, are in full agreement with those obtained
with the respective serial DG code'®. Hence, the con-
vergence and accuracy is not compromised at all in
our parallel version of the DG method.

Recall that a 4-node-cluster setup of dual Xeon-
5520 processors (having 32 CPU-cores in total) is
used for the measurement of parallel performance of
the code. For demonstration of parallel scalability, a
relatively larger mesh of just over 45 thousand ele-
ments is considered. The larger mesh is used so that
a reasonable work load would be allocated to each of
the parallel processes. Parallel scalability up to 16
processes on the 4 nodes of the Ethernet based clus-
ter with the DG(P1) method are shown in Figure 6. A
speedup of 7.52 is observed when the code is ex-
ecuted on 8 processors/cores (i.e., 7.52/(8"100) = 94%
per processor efficiency). The obtained speedup value
of 7.52 with 8 processes may be regarded as near-
linear (or near-ideal) speedup as it is close the linear
(or ideal) speedup value of 8. Further a good speedup
of 12.15 on 16 processors/cores is observed (i.e., about
76% per processor efficiency). Generally the speedup
decreases with the increase in number of processes,
because more parallel processes involve extra net-
work congestion and other parallel overheads. More-
over, a reason for the slightly over-dropped speedup
for 12 and 16 processors cases is the “network inter-
face congestion”. In the case of 4 processes, only
one process is mapped on each node of the 4-node
cluster. Note that, in Figure 6, a speedup value of
greater than 4 is observed on 4 processors. This re-
flects over 100% per processor efficiency, and is called
as super-linear speedup. The super-linear speedup

might be observed for certain test cases, usually due
to the cache effects, because the distribution of the
chunks of the problem data among the processes on
different nodes causes largest percentage of local
data to fit into the available cache. This decreases the
cache-miss ratio and results in better performance. On
the other hand, for more than 4 processes, more than
1 process is mapped per node. Thus, in the case of
16 processes, 4 processes are mapped on each node.
More than one processes mapped on a node strive for
their turn to communicate through the network inter-
face of that node. Thus the network interface
bandwidth is shared among a number of pro-
cesses. This causes “network interface conges-
tion” and, hence, resulting in the drop of parallel
efficiency.

Transonic flow past a NACA0012 airfoil

This well-known test case involves solution of
inviscid transonic flow past a NACAQ012 airfoil at a
Mach number of 0.8, and an angle of attack 1.25°.
There exists a strong shock on the upper surface and
aweak shock on the lower surface of the airfoil. The
numerical solutions of this problem are computed
using the parallel DG method on atriangular element
mesh consisting of 1999 elements, 1048 grid points,
and 97 boundary points. A sketch of the complete
physical domain showing its size (in units of length),
along with the triangular mesh is given in Figure 7.
The mesh decomposed into 16 parts using METIS is
shown in Figure 8. The computed pressure and Mach
number contours using the parallel DG(P2) method
with 16 processes and the respective serial code are
compared in Figure 9 and Figure 10 respectively. Again
there is complete agreement between the results
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Figure 4: Subsonic flow past a circular cylinder problem; Comparison of pressure contours obtained using the
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parallel DG method (left) and the serial DG method (right), (&) PO approximation case, (b) P1 approxi-
mation case, (c) P2 approximation case. The corresponding profiles are identical. The contour levels
vary between a minimum value 4.3 and a maximum value 5.1 in (@), a minimum value 4.0 and a maximum
value 5.0 in (b), and a minimum value 3.2 and a maximum value 5.4 in (c).
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Figure 5: Subsonic flow past a circular cylinder problem; Comparison of Mach number contours obtained using
the parallel DG method (left) and the serial DG method (right) with P2 approximation. Both plots are
identical. The contour levels vary between a minimum value 0.05 and a maximum value 0.9.
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Figure 6: Subsonic flow past a circular cylinder problem; Scalability: speedup versus number of processes.

obtained using the parallel and serial version of the
DG method.

For demonstration of parallel scalability, arela-
tively larger mesh of just over 22 thousand elements
is considered. Parallel scalability up to 16 processes
on the 4-nodes of the Ethernet based cluster with the
DG(P1) method are shown in Figure 11. A near linear
(or near ideal) speedup value of 7.6 is observed with
8 processes (i.e., over 95% per processor efficiency).
A good speedup of 11.7 on 16 processors is ob-

served. The reasons for super-linear speedup with 4
processes on the 4-nodes and for the drop in speedup
on 16 processors are the same as described earlier in
section 5.1.

Subsonic flow past a three-element airfoil

In this test case a subsonic flow past three-
element airfoil is presented. The results are computed
at a Mach number of 0.2, and an angle of attack 16°.
The numerical solutions of this problem are computed
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Figure 7: Transonic flow past NACAO0012 airfoil problem; Triangular mesh used to obtain the solution (central

region focused in the right one). The governing equations are dimensionless; there could be any unit
of measurement. Here the computational domain extends to 40 times the chord length of the airfoil.
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Figure 8: Transonic flow past NACA0012 airfoil problem; Triangular mesh partitioned for 16 processes (central
region focused in the right one).

Figure 9: Transonic flow past NACA0012 airfoil problem; Comparison of pressure contours obtained using the
parallel DG method (left) and the serial DG method (right) with P2 approximation. Both plots are
identical. The contour levels vary between a minimum value 0.5 and a maximum value 1.65.
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Figure 10: Transonic flow past NACA0012 airfoil problem; Comparison of Mach number contours obtained
using the parallel DG method (left) and the serial DG method (right) with P2 approximation. Both plots
are identical. The contour levels vary between a minimum value 0.05 and a maximum value 1.55.
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Figure 11: Transonic flow past NACAO012 airfoil problem; Scalability: speedup versus number of processes.

using the parallel DG method on atriangular element
mesh consisting of 4768 elements, 2531 grid points,
and 298 boundary points. A sketch of the complete
physical domain showing its size (in units of length),
along with the triangular mesh is given in Figure 12.
The mesh decomposed into 8 parts using METIS is
shown in Figure 13. The computed pressure and Mach
number contours using the parallel DG(P2) method
with 16 processes and the respective serial code are
compared in Figure 14 and Figure 15, respectively.

Again there is complete agreement between the re-
sults obtained by using the parallel and serial version
of the DG method.

For the measurement of parallel performance of
the code on this test case, the numerical solutions are
computed on a triangular element mesh consisting of
19244 elements, 9922 grid points, and 604 boundary
points. The parallel scalability up to 16 processes on
the 4 nodes of the Ethernet based cluster with the
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Figure 12: Subsonic flow past a 3-element airfoil problem; Triangular mesh used to obtain the solution (central
region focused in the right one). The governing equations are dimensionless; there could be any unit
of measurement.
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Figure 13: Subsonic flow past a 3-element airfoil problem; Triangular mesh partitioned for 16 processes (central
region focused in the right one).
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Figure 14: Subsonic flow past a 3-element airfoil problem; Comparison of pressure contours obtained using the
parallel DG method (left) and the serial DG method (right) with P2 approximation. Both plots are
identical. The contour levels vary between a minimum value 11.0 and a maximum value 18.5.
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Figure 15: Subsonic flow past a 3-element airfoil problem; Comparison of Mach number contours obtained
using the parallel DG method (left) and the serial DG method (right) with P2 approximation. Both plots
are identical. The contour levels vary between a minimum value 0.02 and a maximum value 0.9.

DG(P1) method is shown in Figure 16. A super linear
speedup is observed up to 8 processors (i.e., over
100% per processor efficiency). In this test case, the
mesh size used is smaller than those used in the
previous test cases. The reason for better perfor-
mance than previous test cases might be that the
relatively smaller data sizes allocated to each process
result in fitting of larger part of the local datainto the
available cache. A good speedup of 12.63 on 16 pro-
cessors is observed. The reason for drop in speedup

on 16 processors is the same as described earlier in
section 5.1.

At the last, the convergence behavior of the
parallel DG and the serial DG codes is demonstrated
to be identical. To test the convergence history, the
plots of the logarithm of the relative L, norm of the
density residual versus the number of time steps for
the above three numerical examples are shown in
Figure 17. The comparison shows that after any num-
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Figure 16: Subsonic flow past a 3-element airfoil problem; Scalability: speedup versus number of processes.
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Figure 17: Comparison of convergence histories; Log(residual-norm) versus time steps, (a) for the parallel DG

code, (b) for the serial DG code.

ber of time steps the convergence level achieved by
the parallel DG code is the same as achieved by the
serial DG code, hence the convergence of the serial
DG algorithm is not compromised at all in the parallel
algorithm.

CONCLUSION

In this work, a serial DG method (presented in
Reference 13) is parallelized by designing and imple-
menting a parallel algorithm/version of the method for
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distributed memory parallel computers using MPI
library. The well known concept of hiding communi-
cation behind computations (i.e., overlapping of com-
munication with computation) is also incorporated in
the parallel algorithm for reducing the effects of par-
allel overheads. The “accuracy” and “convergence”
of the parallel code are demonstrated to be identical
to those exhibited by the serial DG method. Hence,
the parallelization has been performed without com-
promising the serial algorithm. The “scalability” of
the developed parallel algorithm is also demonstrated
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on an Ethernet based cluster. Future work should
include parallel performance profiling and tuning, ex-
tension of the parallel solution for implicit schemes
and developing a multi-level grid acceleration provi-
sion, as well.
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